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XI. Of the Fluents ^Multinomials, and Series 
affeEled by radical Signs, which do not begin 
to converge till after the fecond Ferm ; 
in a Letter from T. Simpfon F. R. S. to 
W. Jones Efa V. P. R. S. 

Prefinted May 26. A. LTHO’ the Application of infi- 
J7+8 ‘ / \ nite Series, and the Quadrature 

of the conic Sections, to the inverfe Method of 
Fluxions has exercifed the Pens of the mod able 
Mathematicians, and produced many curious and 
ufeful Difcoveries, yet nothing has been hitherto 
given, that I know of, whereby the Fluents of ra¬ 
dical Multinomials and Series, which do not begin 
to converge till after the fecond Term, can be de¬ 
termined, fo as to be of Ufe in the Solution of 
Problems: The common Method, by expanding the 
given Expreffion, being, you know, altogether im¬ 
practicable in this Cafe. 

The Confideration of which induced me to draw 
up the following Paper 5 which I humbly beg Leave 
to lay before you, who are fo good a Judge of the 
various Improvements which this Subjed has from 
time to time received. 

What mod encourages me to hope this little Efiay 
will meet with your Approbation, is, that it is not 
merely an abftraded ufelefs Speculation, but may 
be apply'd to good purpofe in many difficult and 
important Enquiries into Nature; whereof I have 
put down one or two Inftances, and fhall further 
take the Liberty to obferve here, that moft of the 

lunar 
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lunar Equations, given by Sir Ifaac Newton , are 
only fuch Approximations as may be exhibited by 
the firft Term of a Series derived by the Method 
here delivered* 


jV ropojition . 

The Fluent of a-j-cz^ m xi; pn ' 1 z being given {either 
in algebraic Terms , or from the Quadrature of 
the Conic Sections, &c.) it is propofed, by 
means thereof, to app roximate the Fluent of 
a -j- cxnf'dx™ 4- exw -\-f x 4 n &c.\ vn xx vn ~ 1 xyfup- 

pofing the Series not to converge till after the 
fecond Term . 


Make cz r '^c x ri -\-dx w -\e x v&c. and let ^_be the 
given Fluent of a-\-cz^xzw' z, anfwering to any 
propofed Value of x: Moreover let y= x* n , or y? 
—X a y and let this Value of x n be fubftituted in the 


firft Equation, and it will become cz a =cyt-\-dyp-$- 
ey~ v &C. whereof the Root y being extracted, we 
fhall (by making R --—. P P + 3 ^ f pe y 

c 2 c*. c 


cf — —P P+4 -idli vy * I t’ P+4 _ de Pf J x , 

1 — z x c7 "T—— X C T—7 & c -) have 


y {x^—z^f-Rz P n + n f- t£s pn + 2 “ &c. whence we 

alfo obtain a: pn * 1 x z, x Rz P n +n-i£ 

P 


_Lt+r xSz foe- 

‘ p 

Let this Value, with that of cx n -f- dx^-^-ex** 
&c. (above given) be now fubftituted in the pro¬ 
pofed; 
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po fed Fluxion, and it will become "a- f- c 

X aP”-^ + ?i x /j a P n + n -^+ f -^x&P“+“--£«,. 

Moreover, let v denote the Place, or Diftance, 
of any Term, of this Ex-preflion, from the firft (ex- 
clufive) then the Term itfelf (drawn into the com¬ 
mon Multiplicator) will be denoted by a -|- r\z n ) m 
yHr v v Az P n + vn ’~ 1 g i and the Eluent thereof will 


t-4-i 

be truly exprefled by^-p 


p+2 


H~i_ 


x... 


ttl 


X-^ 


P+ m m +3 

inw 


i vn-a , 

vn /’-j-t-'-T 2 

I £ 1 )—j—?/—[-/7;—I. £~j—1'—j—?/;—*2 ^ 

^*-«-vn-2n . , 

—_ &c. continued to as many Terms as there 

c 1 

are Units in v. Wherein let -y be expounded 
by i, 2, 3 &c. fucceffively, and R, S, T , by 

A refpedively: By which means the Fluent of the 
whole Exprefiion will be obtained. 


Corol. i. 

Becaufe the Fluent of the general Term, when 
the Multiplicator becomes=o, is barely 

- p-4-1 f4* 3 H-l p~\~ v "^i' 7 a .o 

the Fluent of the whole Expredion will, therefore, 
in this Cafe be truly defined by 

4 ^ 
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Ixi- 


p-f-i. R 


/> + 


__ . ___£+£v£_-f--■ s * a 

* 4 - i.c -+- p + m + I p -p m 4-2 .C 2 


+»+1.‘ 5 ^ T ‘ ^ Iierc ^denotes 
the Fluent of a -f-csd mpn_I when z n =±? 


Corol. 2. 


But, if m-\ 1 and p be, each of them, the Half 
of an odd affirmative Number, and be taken to 
denote the Periphery of a Circle whofe Diameter is 
Unity, and .—c be put = b , then the Value of ^ 

^>r the Fluent of a—bz 1 m x z^ nI z, when z”z=.-jj 
J>+™ 

will be = a - L x 

nb p 

!'• 3. 7. 7 c^- (to Fadors) X i. 3 .5. 7 e^r. to (w-j-J Fadors) 
2. 4. 6. 8. 10. 12 (to p- f-w Fadors) 

Therefore the Whole , required. Fluent, of 
4—^ n -f^ 2n -f^ 3 n <^f.) m XA; pn 1 # is, in this Cafe, 


equal to the Produfr of that Expreffion into the fol- 

1 • c • , , H" 1 - H~ 2 - 

lowing Series, r -{-~p 7/; -j-1. ^Hb p -{- in -j-1. m-\-z.b* 
&c. Wherein R is to be taken = tv. S= — X 

P ' 2 

— 1 tf 9-_£±i±iil v - 1 ^ ,/>/■, 

— 6 x ~r x * -jr j> &c< 

according to what is above fpecified. 


The Ufe of what has been deliver’d above will, 
in fomc meafure, appear from the Solution of the 

two 
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two Following Problems, which I (hall fubjoin as 
Examples thereof. The firft is j 


To find the Time of Ofcillation in the Arch of a 
Cycloid, in a Medium re(ifiing according to the 
duplicate Ratio of the Velocity. 


Let A denote the whole Arch of the Semi- 
Cycloid, or the Length of the Pendulum, a the 
the Arch defcribed in the whole Dcfcenr, and x 
any variable Part thereof defcribed from the Begin¬ 
ning of the Defcent 5 and let the Denfity of the 
Medium be, every-where, as l : Then the Fluxion 
of the Time will be found = 


. 2 a 

*-i+ F* 


X 2X 2 

2 *2.3^ ' 


4 # 3 j 

2. 3. 46* ‘ 2. 3. 4. 5 h * 


-4 

X 


Ta\ x *: which being compared with 

a—bx*+dx vl -+-ex ia &cT xx P "' 1 * {vide Corol. 2.) 
we (hall, in this Cafe, have »=i> —\, p—\, 

a-u, b= ix-jx? ;=p,x=—ji 5 ’ -=T$i- &e. 

Whence R = ^> T =^i> &c ' Alfo 

p-j-m _ P 

4 (P- i) * L3'5:7 (o+iL T. and 

"dp " X T^TOTTo. (*+«) V 

P_±iJU , H-M+lif! - ,j_—-l 

* • jh-j-w-f-T! ^ j—t~ I. ^-i-h’z-j-2. * * 2 ^^ 


izb*b z 


* The Inveftigation of this, and the Fluxion in the following Exam¬ 
ple, are both given in my Eflays. 
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Whence we have x 

rxi+i+^» &c - for the Time of 

b\ 

one Vibratio n of t he Pendulums which, by 
fubftituting i -f- ^ x i for its Equal b, &c. be¬ 
comes TA* * 1 * + 6$ — & c ' From which 

it appears, that the Effeft of the Refiftance on the 
Time of Vibration, in fmall Arches, is nearly in 
the duplicate Ratio of thofe Arches. 

Sir lfaac Newton (from whom it is impoffibk 
to difagree without being under fome Apprehen- 
fions of a Miftake) has, indeed, given a very dif¬ 
ferent Solution to this Problem (in Trincip. Trop . 
27. B. 2.). But as the Conclufion here brought out 
exa&ly agrees with what I have elfewhere given, by 
a different Method, I have great Reafon to believe 
I have no where fallen into an Error. 

The fecond Example 1 fhall give as an Illuftra- 
tion of the foregoing Method is, 

To determine the Apjide Angle {or the Angle of the 
two Apfes at the Center ) in an Orbit defcribed 
by means of a centripetal Force, which varies 
according to any Tower of the c Dijlance. 

In order to which, let the Velocity of the Body 
at the higher Apfe be to that whereby it might 
defcribe a Circle at the fame Diftance from the 
Center, in the given Ratio of p to Unity; alfo let 

X x that 
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that Diftance be denoted by Unity $ and, fuppofing 
z to denote any other Diftance, let the centripetal 
Force be univerfally exprefled by z n . Then the 
Fluxion of the Angle at the Center 'will be exprefled by 

—pz 

r r *+I 

p* y .J,—2±land x=i~z' l ) and it will become 


-y' i ZZTa x x 


- J - 

i —x x Y ax 


t i — i 

* 1 — -y 




into 


I —» XI 


vx . V.V-2 - V. ^2.^2 

4 -U - XX*— - 

2 1 2-3_ 2-3-4 


xx 3 &fa 


]-** 


Now, to find the Fluent of the firfl: Term 
hereof (dr awn into the general Multiplicator) or 

4 _ ZH -f x x* £fr.J *** 1 we have (as 


2 ' 2.3. 

before) n— i> 

e ^ W 2 , T -3 

34 


f - _ \ L d V—2 

-bP~^b=T'T— 


, &c. Alfo R==-^-, S' 


V 

2 '*“* 3 » 

<T—2. 4X^5 


^ — 3.4 - O'- 72 

and confequently the Fluent itfelf (when the Body 

arrives at the lower Apfe)==^=jX 




ZV 




- . 7- v - v . 16v l -37-1/ + 22 

** T- 


<£*<•. After the fame manner the Fluent of the 

fecond 
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P 

the fecond Term will come out = 4 at— X 

v f V 


4^ 2 1 

P ~™ 


3 „ v~ 


“a'jr - — x that of the 


third—7==: x * ** 3 &c. fyc. 


Whence, by collecting thefe fevcral Fluents to¬ 
gether, we have ^ X 


’+*'+ x«* + ii^s:*±ar? «*»•. 

for the Fluent of the whole Ex preflton: And this, 
drawn into ix-i— ~—~^ c . (—will be 


—TTrr.xi * 


•J XV 

p 


T—2. 21"—I 


48 


" 1 

x -5 4- 

V* 1 


■V-2. 2^-lV v 5 ! 


72 


&c. 


=-i=Xl X 4- , +-^-^X -4=^3^. 

24 w-bil 3^ 

180 


which 


1, in Degrees, gives -p— 

V n 4* 


3 


1 * X x^j. ire. for 

the true Mcafure of the Angle required. 


Xx 3 . 


XIII. 


